Lecture |l. Determinants

Det  Given o square  mafrix A, its determinant def(A) is defined by

the \co“owma rules
) T F\:[O\] is an Ixl wmotrix, det(A)=oa

(@) Tn general, if A is an nxn wmatrix we have
det(A) = andet(Au)=oardet(Az)++(-1)"" o det(An)
where + oy denotes the entry on row i and column j,
o Ay denotes fhe matrix obtained by removing row |

and  column j .

Prop Given a 2x2 wodrix F\—[? S] we have det(A)=ad-bc

P£ Gu=0, Ga=C, !/_\u:l:&:l) Al\:l:b:l
= det(A)=a-det[d]-c det[b]=od-bc.

Note For an arbitrary square watrix, its determinant can be recursively

computed by definition.

30 -
eq. A= |io 2 l:|
| 45
= det (A) a&e+[4 5} Dde+[4 5} ldeJ{ ﬂ
A

2\ A%\
=3(25-1-4)-0+ 1 (O 1=(-1)-2)
=2%6-0+12=20

% Not recommended for mofrices of \arae size .



Thn A square mafrix. A has an inverse & det(A)*0

Prop The determinant is multiplicative :
det(AR) = det(A) det(B) for any nxn matrices A, B

Del Let A be o square matrix .

(1) The wain diagonal of A is +he diagonal which runs from the

top left corner fo the bottom right corver.

@ A s upper triangular if all entries below the main diogonal

are 2zero.

2) A 18 \ower Jrricmgu\ar i@ all entries above the wain &iagom\

are zero.

@ A s chagom\ if all entries off the wain c!iagom‘ are zero.
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upper triangular lowey triangular c\'xagonq\

= upper & lower Jwiomgu\or

Prop If o squore matrix A is Triangular, det(A) is eaoua\ to fhe

product of the diogonal entries.

Prop (Row operations ond determinants)

(1) The oddition operation does not chonge the determinont .
(2) The Ivﬁrerclnange operation c\/\amges the sign of the deferminant .
(3) The wultiplication operation multiplies fhe determinant by he

mulfiplication factor.



E}_ Consider the wotrix
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(1) Find det(A).

Sol We reduce A fo a Frianqular matrix using row operations.

1 0 2 1 1 0 2 ||
0O 3 9 0 O 1 30
det(A) = det 0 9 63 = 3det 09 6
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=-311-2:(-3) =[1§]

dmgon&\ entvies

Note We can similarly compute the determinant of an arbitrary

square matrix using row operations.

(2) Determine whether A hos an inverse

det(A)¥0 = A

Sol

has an m\/ersa




E}_ Consider the wmatrices

33 ) O |
A=l 1 2 1| and B=|1 2
o1 2 2 3

) Find det(A) ond det(B)

_ 2 | 32 32
Sol &efr(A)—&deJ{l 2}-I~de+|:| 2}+D-de+|:2 I}

SOl S

A Aa As
=3(2:2-1-1)-1(32-(2)1)+0 =1
. 2 3 | 2
det (B)=0 deJ{?) 4} |- dd[s 4}+2de+[2 5}
Bn BZ\ BB\

=0-1(1'4-2-3)+2(1'3-2-2) =

Hence we have [det(A)= 1] and [det(B)=0]

(1) T possible find o matrix X with AX=B
Sol det(A)¥0 = A has an inverse
AX=B = MX:A—lB = X:& (order is Tmportant!)

33 | 0O | 00 -49-6
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OC1 2 0O | CO 1l 364
A I RREF(A)=I A’
4 9 -6
= A =] 2 -
l:?>64

49 ¢|[o1 2
X=1- 2 - | 2 3 |=
3 -6 23 4
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(3) T possible find a matrix Y with YA=B
S_o\ YA=B= YM:BA-|:> Y:B/-\-l (order is important!)

4) Tt possible, find a watrix Z with BZ=A
Sol det(BZ)=det(B)det(Z)=0 and det(A)= I

I
O

= det(BZ) % det(A) = BZ*A
= A watrix £ with BA=A L&oes not exisﬂ

Note Our method in this example is comparable to how we solve

o linear e%uaﬁovx ox=b.

¢« 0=0: o\“:%‘ exists :>%\-o\><:%'b = x:% (cf @,12))

+ 0=0, b%0: 0X=b%0 = wo solutions (cf @)

+ 0=0, b=0:0x=0 = infinetely many solutions

% For wmatrix ecbu&ﬁom, the &V\a\ogue of the lost case is cbu‘ﬁre
complicated. Tn fact, for nxn matrices A,B with determinant o

the e%uaﬁon AX=B may have no solutions or m{lmefre\g many

solutions .



